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Approximately Diagonalizing Matrices Over C(Y )
Huaxin Lin
Abstract
Let X be a compact metric space which is locally absolutely retract and let ϕ : C(X)→
C(Y,Mn) be a unital homomorphism, where Y is a compact metric space with dimY ≤ 2.
It is proved that there exists a sequence of n continuous maps αi,m : Y → X (i = 1, 2, ..., n)
and a sequence of sets of mutually orthogonal rank one projections {p1,m, p2,m, ..., pn,m} ⊂
C(Y,Mn) such that
lim
m→∞
n∑
i=1
f(αi,m)pi,m = ϕ(f) for all f ∈ C(X).
This is closely related to the Kadison diagonal matrix question. It is also shown that this
approximate diagonalization could not hold in general when dimY ≥ 3.
1 Introduction
Over two decades ago, Richard Kadison proved that a normal element in Mn(N ), where N is a
von-Neumann algebra, can be diagonalized ([7] and [8])). He showed that this cannot be done if
N is replaced by a unital C∗-algebra in general. He then asked what topological properties of a
compact metric space Y will guarantee that every normal element in Mn(C(Y )) can always be
diagonalized. Karsten Grove and Gert K. Pedersen [9] showed that this could not go very far.
They demonstrated that Y has to be sub-Stonean and dimY ≤ 2 if every self-adjoint element
can be diagonalized in Mn(C(Y )). Furthermore, they showed that, even for sub-Stonean spaces
Y with dimY ≤ 2, one still could not diagonalize a normal element in general. In fact, they
showed that in order to have every normal element in Mn(C(Y )) to be diagonalized, one must
have that every finite covering space over each closed subset of Y is trivial and every complex
line bundle over each closed subset of Y is trivial, in addition to the requirements that X is
sub-Stonean and dimY ≤ 2. So not every sub-Stonean space X with dimension at most two
has the property that every normal element can be diagonalized. Since sub-Stonean spaces are
not the every-day topological space with dimension at most two, it seems that the question of
diagonalizing normal elements in Mn(C(Y )) has a rather negative answer.
However, in the decades after the original question was raised and answered, it seems that
approximately diagonalizing some normal elements or some commutative C∗-subalgebras in
Mn(C(Y )), where Y is a lower dimensional nice topological space, becomes quite useful and
important. In this paper, instead of considering exact diaogonalization of commutative C∗-
subalgebras in Mn(C(Y )), we study the problem whether a unital homomorphism ϕ : C(X)→
Mn(C(Y )) can be approximately diagonalized. To be precise, we formulate as follows: Let ǫ > 0
and a compact set F ⊂ C(X) be given. Are there continuous maps αi : Y → X (1 ≤ i ≤ n) and
mutually orthogonal rank one projections p1, p2, ..., pn ∈Mn(C(Y )) such that
‖ϕ(f)−
n∑
i=1
f(αi)pi‖ < ǫ for all f ∈ F? (e 1.1)
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Here rank one projections are those projections inMn(C(Y )) for which every fiber has rank one.
Note that we do not insist that p1, p2, ..., pn are equivalent. Note also that if a ∈ Mn(C(Y ))
is a normal element and if sp(a) = X, a compact subset of the plane, then a induces a unital
homomorphism ϕ : C(X)→Mn(C(Y )) by defining ϕ(f) = f(a) for all f ∈ C(X). However, we
study the general case that X is a compact metric space.
It has been known that those unital homomorphisms which can be approximately diagnalized
are very useful, for example, in the study of inductive limits of homogeneous C∗-algebras, a
subject has profound impact in the program of classification of amenable C∗-algebras, otherwise
known as the Elliott program.
The main result that we report here is that the answer to (e 1.1) is affirmative for any compact
metric space X which is locally absolutely retract (see 6.1) and any compact metric space Y with
dimY ≤ 2. Moreover, we show that, the answer is negative for general compact metric space Y
with dim ≥ 3. In fact, a unitary in M2(C(S3)) may not be approximately diagonalized. We also
show that if dimY > 3, then there are self-adjoint elements with spectrum [0, 1] in Mn(C(Y ))
which can not be approximately diagonalized. For more general compact metric space X, we
show that, for any ǫ > 0, any compact subset F ⊂ C(X), there is a unital commutative diagonal
C∗-subalgebra B ⊂Mn(C(Y )) such that
dist(ϕ(f), B) < ǫ for all f ∈ F ,
provided that dimY ≤ 2 (see 6.5).
As expected, when one studies unital homomorphisms from C(X) → Mn(C(Y )), one often
needs to make some perturbation. The trouble arises when one tries to approximate an ‘almost
homomorphism’ by a homomorphism. This is already problematic when Y is just a point.
Suppose that X is a compact subset of the plane and L : C(X) → Mn is unital positive linear
map which is almost multiplicative. It was first proved by W.A.J. Luxembourg and F.R. Taylor
[14], using non-standard analysis, that such maps can be approximated by homomorphisms.
Theorem 2.2 generalizes this to the case that X is any compact metric space. Theorem 5.1
shows that the same statement holds when Mn is replaced by C([0, 1],Mn).
The paper is organized as follows. In section two, we present a theorem which generalizes the
early result of Luxembourg and Taylor mentioned above. In section three, we collect some easy
facts. Lemma 3.1 serves as a uniqueness theorem in finite dimensional C∗-algebras and Lemma
3.3 may be viewed as an elementary version of the so-called Basic Homotopy Lemma (see [1]
and [12]). In section four, we provide a uniqueness theorem for homomorphisms from C(X)
into C([0, 1],Mn) which extends Lemma 3.1. In section five, using the results in the previous
sections, we first show that an “almost homomorphism” from C(X) into C([0, 1],Mn) is close
to a true homomorphism, further generalizing the theorem of Luxembourg and Taylor. Then
we present a version of Basic Homotopy Lemma in C([0, 1],Mn). Section six contains the main
result which based on the previous sections, in particular, the uniqueness theorem in section
four and the Basic Homotopy Lemma in section five. Finally, in section seven, we show that one
should not expect same results when dimY ≥ 3.
Acknowledgements: Most of this work was done when the author was in East China
Normal University in the summer 2009. This work was partially supported by a NSF grant,
Changjiang Professorship from ECNU and Shanghai Priority Academic Disciplines.
2 Approximate homomorphisms
Lemma 2.1. Let X be a compact metric space and let n ≥ 1 be an integer. Let H : C(X) →
Cb(N,Mn)/C0(N,Mn) be a unital homomorphism. Then there exists an infinite subsequence
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S ⊂ N such that the induced homomorphism H ′ : C(X) → Cb(S,Mn)/C0(S,Mn) has finite
spectrum.
Proof. Put A0 = C
b(N,Mn)/C0(N,Mn). Denote by π : C
b(N,Mn)→ A0 the quotient map. Let
ξ1 ∈ X be a point in the spectrum of H. Let
I1 = {f ∈ C(X) : f(ξ1) = 0}.
Then H(I1)A0H(I1) is a σ-unital hereditary C
∗-subalgebra and it is not A0, since ξ1 is in the
spectrum of H and H(I1) is a proper closed ideal of H(C(X)). Note that A0 is the corona
algebra of the separable C∗-algebra C0(N,Mn). It follows from a theorem of G.Pedersen (Th.15
of [16]) that H(I1)A0H(I1)
⊥ 6= {0}. Since H(I1)A0H(I1)⊥ is a hereditary C∗-subalgebra of A0
and A0 has real rank zero, there is a non-zero projection p1 ∈ H(I1)A0H(I1)⊥. It follows that
H(f)p1 = f(ξ1)p1 for all f ∈ C(X). (e 2.2)
It is standard that there exists a sequence of projections {p1(m)} ⊂Mn such that π({p1(m)}) =
p1. Let S1 ⊂ N be the subsequence so that p1(m) 6= 0 for all m ∈ S1. Note that S1 must be
infinite. Let A1 = A0/J1, where
J1 = {{am} ∈ Cb(N,Mn) : am = 0 for all m ∈ S1}.
One also has that A1 ∼= Cb(S1,Mn)/C0(S1,Mn). Let Φ1 : A0 → A1 be the quotient map and
define H1 = Φ1 ◦H. If ξ1 is the only point in the spectrum of H1, the lemma follows. Otherwise,
let ξ2 6= ξ1 be another point in the spectrum of H1. Let
I2 = {f ∈ C(X) : f(ξ2) = 0}.
From the above argument, one obtains a nonzero projection p2 ∈ H1(I2)A1H1(I2)⊥. Then
Φ1(p1)p2 = 0 and
H1(f)p2 = f(ξ2)p2 for all f ∈ C(X). (e 2.3)
There exists a projection {p2(m)} ∈ Cb(S1,Mn) such that π1({p2(m)}) = p2 and
p2(m)p1(m) = 0 (e 2.4)
for all m, where π1 : C
b(S1,Mn)→ A1 is the quotient map. Let S2 ⊂ S1 be such that p2(m) 6= 0
for all m ∈ S2. Then S2 is an infinite subset. Let
J2 = {{am} ∈ Cb(S1,Mn) : am = 0 for all m ∈ S2}.
PutA2 = A1/J2 and let Φ2 : A1 → A2 be the quotient map. Note that A2 ∼= Cb(S2,Mn)/C0(S2,Mn).
Moreover,
p1(m) 6= 0 and p2(m) 6= 0 for all m ∈ S2. (e 2.5)
Define H2 = Φ2 ◦ H1. Then ξ1, ξ2 are in the spectrum of H2. If the spectrum of H2 contains
only these two points, the lemma follows. Otherwise, we continue. However, since there can be
no more than n mutually orthogonal non-zero projections in Mn, from (e 2.4) and (e 2.5), this
process has to stop at the stage n or earlier. At that point, one obtains an infinite subset S ⊂ N,
for which H ′ : C(X)→ Cb(S,Mn)/C0(S,Mn) has finite spectrum.
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Theorem 2.2. Let X be a compact metric space, let n ≥ 1 be an integer and let M > 0. For
any ǫ > 0 and any finite subset F ⊂ C(X), there exists δ > 0 and a finite subset G ⊂ C(X)
satisfying the following: for any unital map ϕ : C(X)→Mn with ‖ϕ(f)‖ ≤M for all f ∈ C(X)
with ‖f‖ ≤ 1 such that
‖ϕ(λ1x+ λ2y)− (λ1ϕ(x) + λ2ϕ(y))‖ < δ, (e 2.6)
‖ϕ(xy)− ϕ(x)ϕ(y)‖ < δ and ‖ϕ(x∗)− ϕ(x)∗‖ < δ (e 2.7)
for all λ1, λ2 ∈ C with |λi| ≤ 1 (i = 1, 2) and x, y ∈ G, there exists a unital homomorphism
ψ : C(X)→Mn such that
‖ϕ(f)− ψ(f)‖ < ǫ for all f ∈ G. (e 2.8)
Proof. Let H(C(X),Mn) be the set of unital homomorphisms. Suppose that the theorem fails.
There exists ǫ0 > 0 and a finite subset G0 ⊂ C(X) with the following properties:
There exists a sequence of unital maps ϕk : C(X)→Mn with ‖ϕk(f)‖ ≤M for all ‖f‖ ≤ 1
(k = 1, 2, ...) such that
lim
k→∞
‖ϕk(λ1x+ λ2y)− (λ1ϕk(x) + λ2ϕk(y))‖ = 0, (e 2.9)
lim
k→∞
‖ϕk(xy)− ϕk(x)ϕk(y)‖ = 0 and lim
k→∞
‖ϕk(x∗)− ϕk(x)∗‖ = 0 (e 2.10)
for all x, y ∈ C(X) and λ1, λ2 ∈ C with |λi| ≤ 1, i = 1, 2, but
inf
ψ∈H(C(X),Mn)
{inf
k
sup{‖ϕk(f)− ψ(f)‖ : f ∈ G0}} ≥ ǫ0, (e 2.11)
where H(C(X),Mn) is the set of unital homomorphisms from C(X) toMn. Let A = C
b(N,Mn),
I = C0(N,Mn) and let π : A → A/I be the quotient map. Define L : C(X) → A by L(f) =
{ϕk(f)}k∈N for f ∈ C(X) and H = π ◦ L. From (e 2.9) and (e 2.10), H : C(X) → A/I is
a unital homomorphism. It follows from 2.1 that there exists an infinite subset S ⊂ N such
that H1 : C(X) → Cb(S,Mn)/C0(S,Mn) defined by H1 = Φ ◦ H has finite spectrum, where
Φ : A→ A1 = A/I1 is the quotient map and where
I1 = {{am} ∈ Cb(N,Mn) : am = 0 for all m ∈ S}.
By passing to a subsequence, without loss of generality, one may assume that H has finite
spectrum. Therefore there are mutually orthogonal projections {p1, p2, ..., pK} ⊂ A such that
H(f) =
K∑
j=1
f(ξj)pj for all f ∈ C(X), (e 2.12)
where {ξ1, ξ2, ..., ξk} ⊂ X is a finite subset. There are mutually orthogonal projections P1, P2, ..., PK ∈
Cb(N,Mn) such that π(Pj) = pj, j = 1, 2, ...,K. Let Pj = {qj(m)}, where each qj(m) is
a projection and qj(m)qi(m) = 0, if i 6= j, i, j,= 1, 2, ...,K. Define ψm : C(X) → Mn by
ψm(f) =
∑K
j=1 f(ξj)qj(m) for all f ∈ C(X). Then π ◦ {ψm} = H. It follows that
lim
m→∞ ‖ϕm(f)− ψm(f)‖ = 0 for all f ∈ C(X). (e 2.13)
Hence, there exists an integer N ≥ 1 such that ‖ϕm(f) − ψm(f)‖ < ǫ0/2 for all f ∈ F . This
contradicts with (e 2.11). The lemma follows.
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Corollary 2.3. Let k, n ≥ 1 be two integers and let ǫ > 0. Then there exists δ > 0 satisfying
the following: Suppose that x1, x2, ..., xk ∈ Mn are k self-adjoint elements with ‖xi‖ ≤ 1 (i =
1, 2, ..., k) for which
‖xixj − xjxi‖ < δ, i = 1, 2, ..., k.
Then there are k self-adjoint elements y1, y2, ..., yk ∈Mn with ‖yi‖ ≤ 1 (i = 1, 2, ..., k) such that
yiyj = yjyi and ‖xi − yi‖ < ǫ, i = 1, 2, ..., k. (e 2.14)
Proof. This follows from 2.1 as in the proof of 2.2. One sketches here. If the corollary fails,
there would be an ǫ0 > 0 and a sequence of k self-adjoint elements {x(m)j }, j = 1, 2, ..., k, such
that
lim
m→∞ ‖x
(m)
j x
(m)
i − x(m)i x(m)j ‖ = 0, i, j = 1, 2, ..., k, and (e 2.15)
inf{inf
m
{max{‖x(m)j − yj‖ : 1 ≤ j ≤ m}}} ≥ ǫ0, (e 2.16)
where the outside infimum is taken among all possible commuting k-tuple of self-adjoint ele-
ments {yj : 1 ≤ j ≤ k} in Mn. Let zj = π({y(m)j }) ∈ Cb(N,Mn), where π : Cb(N,Mn) →
Cb(N,Mn)/C0(N,Mn) is the quotient map. Then zjzi = zizj , i, j = 1, 2, ..., k. Let Ω =
{(r1, r2, ..., rk) ∈ Ck : |rj | ≤ 1, 1 ≤ j ≤ k}. Define ϕ : C(Ω) → Cb(N,Mn)/C0(N,Mn) by
ϕ(f) = f(z1, z2, ..., zk) for all f ∈ C(Ω). It follows from [2] that there exists a unital com-
pletely positive linear map L : C(Ω) → Cb(N,Mn) such that π ◦ L = ϕ. One may write
L(f) = {Lm(f)}m∈N. One then applies 2.2 to Lm (for all sufficiently large m) to obtain unital
homomorphisms ϕm : C(Ω) → Mn such that limm→∞ ‖ϕm(f) − Lm(f)‖ = 0 for all f ∈ C(Ω).
A contradiction would be reached as in the proof of 2.2.
Remark 2.4. Note that, in 2.2, δ depends on X, ǫ as well as n. In Corollary 2.3, δ depends on
both k and n. In the case that k = 2, the theorem for which δ does not depend on n was first
proved in [10]. That result is much deeper and was false if k ≥ 3 (see [4]).
3 Commutative C∗-subalgebras of matrix algebras
Lemma 3.1. Let X be a compact metric space and let n ≥ 1 be an integer. Then, for any ǫ > 0
and any finite subset F ⊂ C(X), there exist a finite subset G and δ > 0 satisfying the following.
Let ϕ,ψ : C(X)→Mn be two unital homomorphisms for which
|tr ◦ ϕ(g) − tr ◦ ψ(g)| < δ for all g ∈ G, (e 3.17)
where tr is the normalized tracial state. Then there exists a unitary u ∈Mn such that
‖adu ◦ ϕ(f)− ψ(f)‖ < ǫ for all f ∈ F . (e 3.18)
Proof. Let η > 0 be such that, for any x, x′ ∈ X,
|f(x)− f(x′)| < ǫ for all f ∈ F ,
provided dist(x, x′) < η. Let {x1, x2, ..., xm} be an η/8-dense subset of X. For each subset
F ⊂ {x1, x2, ..., xm}, define gF ∈ C(X) to be a function with 0 ≤ gF (x) ≤ 1 for all x ∈ X,
gF (x) = 1 if x ∈ O(F, η/4), and gF (x) = 0, if x 6∈ O(F, η/2).
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Let δ = 1/2n and let G = {gF : F ⊂ {x1, x2, ..., xm}}. Suppose that ϕ and ψ satisfy the
assumption for the above δ and G. Let {ξ1, ξ2, ..., ξn} and {ζ1, ζ2, ..., ζn} ⊂ X be such that
ϕ(f) =
n∑
i=1
f(ξi)pi and ψ(f) =
n∑
i=1
f(ζi)qi
for all f ∈ C(X), where {p1, p2, ..., pn} and {q1, q2, ..., qn} are two sets of mutually orthogonal
rank one projections. Fix a subset S ⊂ {ξ1, ξ2, ..., ξn} of k (1 ≤ k ≤ n) elements. For each
ξj ∈ S, ξj ∈ B(xi, η/8) for some i. Let F = {xi : dist(xi, S) < η/8}. Then
k/n ≤ µtr◦ϕ(O(S, η/8)) ≤ µtr ◦ ϕ(O(F, η/4)) (e 3.19)
≤ tr ◦ ϕ(gF ) < tr ◦ ψ(gF ) + δ ≤ µtr◦ψ(O(F, η/2)) + 1/2n. (e 3.20)
Note that
µtr◦ψ(O(F, η/2)) = k1/n
for some non-negative integers k1. Thus, from (e 3.19) and (e 3.20),
k/n < k1/n+ 1/2n.
It follows that k ≤ k1. Thus
µtr◦ϕ(O(S, η/8)) ≤ µtr◦ψ(O(F, η/2)) (e 3.21)
for any S ⊂ {ξ1, ξ2, ..., ξn} of k elements. This implies that there is a finite subset S1 ⊂
{ζ1, ζ2, ..., ζn} of at least k elements such that S1 ⊂ O(F, η/2). It follows that, for each ζj ∈ S1,
there is xi ∈ F such that ξi ∈ O(xi, η/2). By the definition of F, there exists ξl ∈ S such that
ζj ∈ O(ξl, 5η/8).
In other words, O(S, 5η/8) contains at least k elements of {ζ1, ζ2, ..., ζn}. Therefore, by the
Marriage Law (see [5]), there exists a permutation γ : (1, 2, ..., n) → (1, 2, ..., n) such that
dist(ξi, ζγ(i)) < η, i = 1, 2, ..., n.
Let U be the unitary such that U∗piU = qγ(i), i = 1, 2, ..., n. Then
U∗ϕ(f)U =
n∑
i=1
f(ξi)qγ(i) for all f ∈ C(X).
It follows that
‖U∗ϕ(f)U − ψ(f)‖ < ǫ for all f ∈ F .
Lemma 3.2. Let X be a compact metric space which is locally path connected and let n ≥ 1.
Then, for any ǫ > 0, ǫ1 > 0 and any finite subset F ⊂ C(X), there exist a finite subset G and
δ > 0 satisfying the following. Let ϕ,ψ : C(X)→Mn be two unital homomorphisms for which
|tr ◦ ϕ(g) − tr ◦ ψ(g)| < δ for all g ∈ G, (e 3.22)
where tr is the normalized tracial state. Then there exists a unital homomorphism Φ : C(X)→
C([0, 1],Mn) such that
Φ(f)(0) = ϕ(f) and ‖Φ(f)(t)− ϕ(f)‖ < ǫ for all f ∈ F and t ∈ [0, 1], (e 3.23)
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and there exists a unitary u ∈Mn such that
adu ◦ Φ(f)(1) = ψ(f) for all f ∈ C(X). (e 3.24)
Moreover, there are continuous maps αi : [0, 1] → X (i = 1, 2, ..., n) and mutually orthogonal
rank one projections {p1, p2, ..., pn} ⊂Mn such that
Φ(f) =
n∑
i=1
f(αi)pi for all f ∈ C(X) and (e 3.25)
dist(αi(t), αi(0)) < η for all t ∈ [0, 1], i = 1, 2, ..., n. (e 3.26)
Proof. This follows from the proof of 3.1. At the beginning of the proof of 3.1, we may further
require that there is η1 > 0 such that each open ball Bη1 with radius η1 is contained in a path
connected neighborhood Zη ⊂ Bη. Let δ be as in the proof of 3.1 and choose G as in the proof
of 3.1 (but for η1 instead of η). Write ϕ(f) =
∑n
i=1 f(ξi)pi and ψ(f) =
∑n
i=1 f(ζi)qi for all
f ∈ C(X) as in the proof of 3.1. The proof of 3.1 provides a permutation γ : (1, 2, ..., n) →
(1, 2, ..., n) such that
dist(ξi, ζγ(i)) < η1. (e 3.27)
Since each open ball B(ξi, η1) ⊂ Zi,η2 for some path connected neighborhood contained in
B(xi, η2), where η2 = min{ǫ1, η}, there exist a continuous path αi : [0, 1] → Zi,η2 ⊂ B(ξ, η2)
such that
αi(0) = ξi and αi(1) = ζi, i = 1, 2, ..., n.
Define Φ : C(X)→ C([0, 1],Mn) by Φ(f)(t) =
∑n
i=1 f(αi(t))pi for all f ∈ C(X) and t ∈ [0, 1].
Since αi(t) ∈ Zi,η2 ⊂ B(ξi, η2), one estimates that
‖Φ(f)(t)− ϕ(f)‖ < ǫ for all f ∈ F (e 3.28)
and t ∈ [0, 1]. Moreover,
Φ(f)(1) =
n∑
i=1
f(ζi)pi for all f ∈ C(X). (e 3.29)
Since {qi : i = 1, 2, ..., n} and {pi : i = 1, 2, ..., n} are assumed to be two sets of mutually
orthogonal rank one projections, as in the proof of 3.1, one obtains a unitary u ∈Mn such that
u∗Φ(f)(1)u = ϕ(f) for all f ∈ C(X). (e 3.30)
Lemma 3.3. Let ǫ > 0, n ≥ 1 be an integer and M > 0. There exists δ > 0 satisfying the
following: For any finite subset F ⊂ Mn with ‖a‖ ≤ M for all a ∈ F and a unitary u ∈ Mn
such that
‖ua− au‖ < δ for all a ∈ F ,
there exists a continuous path of unitaries {u(t) : t ∈ [0, 1]} ⊂ Mn with u(0) = u and u(1) = 1
such that
‖u(t)a− au(t)‖ < ǫ for all a ∈ F .
Moreover,
Length({u(t)}) ≤ 2π.
Proof. Note that T \ sp(u) contains an arc with length at least 2π/n. Thus the lemma follows
immediately from Lemma 2.6.11 of [11].
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4 Commutative C∗-subalgebras in matrix algebras over one di-
mension spaces
Lemma 4.1. Let X be a path connected finite CW complex, let C = C(X) and let A =
C([0, 1],Mn). For any ǫ > 0 and any finite subset F ⊂ C, there exists a finite subset G ⊂ C and
δ > 0 satisfying the following: Let ϕ,ψ : C → A be two unital homomorphisms such that
|τ ◦ ϕ(g) − τ ◦ ψ(g)| < δ for all g ∈ G and for all τ ∈ T (A). (e 4.31)
Then there exists a unitary U ∈ A such that
‖adU ◦ ϕ(f)− ψ(f)‖ < ǫ (e 4.32)
for all f ∈ F .
Moreover, if, in addition, ϕ(f)(0) = ψ(f)(0), or ϕ(f)(0) = ψ(f)(0) and ϕ(f)(1) = ψ(f)(1)
for all f ∈ C(X), then one may assume that U(0) = 1Mn , or U(0) = U(1) = 1, respectively.
Proof. Without loss of generality, we may assume that F is in the unit ball of C(X). Put
d = 2π/n. Let δ0 > 0 (in place of δ) be as required by Lemma 2.6.11 of [11] for ǫ/4. Let
0 < δ1 < 1/2n (in place of δ) and G1 (in place of G) associated with F and min{ǫ/8, δ0/4} (in
place of ǫ) as required by 3.2.
Put ǫ1 = min{ǫ/16, δ1/4, δ0/4}. There exists η > 0 such that
|g(t)− g(t′)| < ǫ1/2 for all g ∈ ϕ(G0 ∪ F) ∪ ψ(G0 ∪ F).
provided that |t− t′| < η1. Choose a partition of the interval:
0 = t0 < t1 < · · · < tN = 1
such that |ti − ti−1| < η1, i = 1, 2, ..., N. Then
‖ϕ(f)(ti)− ϕ(f)(ti−1)‖ < ǫ1 and ‖ψ(f)(ti)− ψ(f)(ti−1)‖ < ǫ1 (e 4.33)
for all f ∈ G0 ∪ F , i = 1, 2, ..., N. There are unitaries Ui ∈Mn and {xi,j}nj=1 such that
ϕ(f)(ti) = U
∗
i


f(xi,1)
. . .
f(xi,n)

Ui,
i = 0, 1, 2, ..., N. It follows from 3.1 that there exists, for each i, a unitary Wi ∈Mn such that
‖W ∗i ϕ(f)(ti)Wi − ψ(f)(ti)‖ < min{ǫ/8, δ0/4} (e 4.34)
for all f ∈ G0 ∪ F . We estimate, from (e 4.33), that
‖ϕ(f)(ti)−Wi−1W ∗i ϕ(f)(ti)WiW ∗i−1‖ < ǫ1 + 2min{ǫ/8, δ0/4} for all f ∈ G0 ∪ F , (e 4.35)
i = 1, 2, ..., N. By the choice of ǫ1 and applying Lemma 2.6.11 of [11], we obtain hi ∈ (Mn)s.a.
such that WiW
∗
i−1 = exp(
√−1hi),
‖hiϕ(f)(ti)− ϕ(f)(ti)hi‖ < ǫ/4 and (e 4.36)
‖ exp(√−1thi)ϕ(f)(ti)− ϕ(f)(ti) exp(
√−1thi)‖ < ǫ/4 (e 4.37)
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for all f ∈ F and t ∈ [0, 1], i = 1, 2, ..., N. Thus one obtains a continuous path of unitaries
{Z(t) : t ∈ [ti−1, ti]} with Z(ti−1) = 1Mn , Z(ti) =WiW ∗i−1, and
‖Z∗(t)ϕ(f)(ti)Z(t)− ϕ(f)(ti)‖ < ǫ/4 for all f ∈ F , (e 4.38)
for t ∈ [ti−1, ti], i = 1, 2, ..., N. One can also apply 3.3 to obtain the path Z(t). Define W (t) =
Z(t)Wi−1 for t ∈ [ti−1, ti], i = 1, 2, ..., N. Note thatW ∈ C([0, 1],Mn).Moreover, for t ∈ [ti−1, ti],
‖W ∗(t)ϕ(f)(t)W (t) − ψ(f)(t)‖ ≤ ‖W ∗(t)ϕ(f)(t)W (t) −W ∗(t)ϕ(f)(ti)W (t)‖ (e 4.39)
+‖W ∗(t)ϕ(f)(ti)W (t)− ψ(f)(ti)‖+ ‖ψ(f)(ti)− ψ(f)(t)‖ (e 4.40)
< ǫ1 + ‖W ∗i−1Z(t)∗ϕ(f)(ti)Z(t)Wi−1 − ψ(f)(ti)‖+ ǫ1 (e 4.41)
< ǫ1 + ǫ/4 + ‖W ∗i−1ϕ(f)(ti)Wi−1 − ψ(f)(ti)‖+ ǫ1 (e 4.42)
< 2ǫ1 + ǫ/4 + ǫ1 + ‖W ∗i−1ϕ(f)(ti−1)Wi−1 − ψ(f)(ti−1)‖+ ǫ1 (e 4.43)
< 4ǫ1 + ǫ/4 + ǫ/4 < ǫ (e 4.44)
for all f ∈ F , i = 1, 2, ..., N.
Finally, if ϕ(f)(0) = ψ(f)(0) for all f ∈ C(X), we choose W0 = 1Mn . The above proof shows
that W (0) = 1Mn . Moreover, if ϕ(f)(1) = ψ(f)(1), we choose MN = 1Mn . The above proof also
shows that W (1) = 1Mn .
Lemma 4.2. Let X be a connected CW complex and let n ≥ 1. Fix a unital homomorphism
h0 : C(X)→Mn given by
h0(f) =
m∑
i=1
f(ξi)ei for all f ∈ C(X),
where {ξ1, ξ2, ..., ξm} (m ≤ n) is a subset of m distinct points in X and {e1, e2, ..., em} is a set
of mutually orthogonal non-zero projections. For any ǫ > 0, there exists δ > 0 and a finite
subset G ⊂ C(X) satisfying the following: Suppose that Y is a connected compact metric space,
ϕ : C(X)→ C(Y,Mn) is a unital homomorphism and y0 ∈ Y for which
ϕ(f)(y0) = h0(f) for all f ∈ C(X), (e 4.45)
‖ϕ(g)(y) − ϕ(g)(y0)‖ < δ for all g ∈ G, y ∈ Y (e 4.46)
and there are continuous maps xi : Y → X (i = 1, 2, ..., n) and mutually orthogonal rank one
projections {q1, q2, ..., qn} ⊂ C(Y,Mn) such that
ϕ(f) =
n∑
j=1
f(xj)qj for all f ∈ C(X). (e 4.47)
Then, there is a partition {S1, S2, ..., Sm} of {1, 2, ..., n} such that ξi = xj(y0) for some
j ∈ Si, dist(ξi, xj(y)) < ǫ for all j ∈ Si, limy→y0 xj(y) = ξi for all j ∈ Si,
‖ei −
∑
j∈Si
qj(y)‖ < ǫ for all y ∈ Y and lim
y→y0
∑
j∈Si
qj(y) = ei, (e 4.48)
i = 1, 2, ...,m.
Proof. Let
η0 = min{dist(ξi, ξj) : i 6= j, i, j ∈ {1, 2, ...,m}}.
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Fix any η > 0 for which η < min{ǫ, η0/2}. From the proof of 3.1, there is δ1 > 0 and a finite
subset G1 ⊂ C(X) satisfying the following: if
‖ϕ′(g)− h0(g)‖ < δ1 for all g ∈ G
for any unital homomorphism ϕ′ : C(X)→Mn, then ϕ′ may be written as
ϕ′(f) =
n∑
i=1
f(x′i)p
′
i for all f ∈ C(X),
where {x′1x′2, ..., x′n} ⊂ X and {p′1, p2,′ ..., p′n} is a set of mutually orthogonal rank one projections
and dist(ξi, x
′
j) < η/2, for j ∈ Si, where {S1, S2, ..., Sm} is a partition of {1, 2, ..., n}.
Choose fi ∈ C(X)+ with fi(x) ≤ 1 such that fi(x) = 1 if dist(x, ξi) < η/2 and fi(x) = 0
if dist(x, ξi) ≥ η. Put G = G1 ∪ F ∪ {1, fi : i = 1, 2, ...,m}. Let δ = min{ǫ/4, η/2, δ1/2}. Now
if ϕ : C(X) → C(Y,Mn) is a unital homomorphism which satisfies (e 4.45) and (e 4.46) for the
above δ and G.
For each y ∈ Y, there is a partition S1(y), S2(y), ..., Sm(y) of {1, 2, ..., n} such that
ϕ(f)(y) =
m∑
i=1
(
∑
j∈Si(y)
f(xj(y))qj(y)) for all f ∈ C(X), (e 4.49)
and dist(ξi, xj) < η/2 for all j ∈ Si(y), i = 1, 2, ...,m. Since η < η0/2, i ∈ Si(y) for i = 1, 2, ...,m.
Suppose that, for some j ∈ {1, 2, ..., n}, there are y1, y2 ∈ Y with y1 6= y2 such that j ∈ Si(y1)
but j 6∈ Si(y2). Then j ∈ Si′(y2) and i′ 6= i.
Thus
dist(ξi, xj(y1)) < η/2 and dist(ξi′ , xj(y2)) < η/2.
Note that dist(ξi, ξi′) ≥ η0. Hence
dist(ξi, xj(y2)) ≥ η0 − η/2 ≥ η0 − η0/4 = 3η0/4.
Since Y is path connected, there should be a point y3 ∈ Y such that
dist(xj(y3), ξi) = η0/2 > η/2.
But dist(xj(y3), ξl) < η/2 for some l 6= i. However,
dist(ξi, ξl) ≤ dist(ξi, xj(y3)) + dist(xj(y3), ξl) < η0/2 + η/2 < 3η0/4
A contradiction. Therefore, if j ∈ Si(y), then, for all y ∈ Y, j ∈ Si(y). This implies that
Si(y) = Si is independent of y. The above also implies that ξi = xj(y0) for some j ∈ Si. The
continuity of xj(y) also forces
lim
y→y0
xj(y) = ξi
for all j ∈ Si, i = 1, 2, ...,m.
To finish the proof, one notes that, for each y ∈ Y,
ϕ(fi)(y0) = ei and ϕ(fi)(y) =
∑
j∈Si
qj(y), i = 1, 2, ...,m. (e 4.50)
Therefore
‖ei −
∑
j∈Si
qj‖ < η, i = 1, 2, ...,m. (e 4.51)
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Furthermore, by (e 4.50),
lim
y→y0
∑
j∈Si
qj(y) = lim
y→y0
ϕ(fi)(y) = ϕ(fi)(y0) = ei, i = 1, 2, ...,m. (e 4.52)
Definition 4.3. Let X be a compact metric space, let n ≥ 1 be an integer and let t ∈ X be
a point. In what follows, denote by πt : C(X,Mn) → Mn the point-evaluation homomorphism
defined by πt(f) = f(t) for all f ∈ C(X).
Lemma 4.4. Let X be a locally path connected compact metric space and let n ≥ 1 be an integer.
Then, for any ǫ > 0, η > 0 and any finite subset F ⊂ C(X), there exist δ > 0 and a finite subset
G ⊂ C(X) satisfying the following: if ϕ1, ϕ2 : C(X) → Mn are two unital homomorphisms for
which
‖ϕ1(g) − ϕ2(g)‖ < δ for all g ∈ G, (e 4.53)
then there is a unital homomorphism Φ : C(X)→ C([0, 1],Mn) and there are continuous maps
αi : [0, 1] → X (1 ≤ i ≤ n) and mutually orthogonal rank one projections {p1, p2, ..., pn} ⊂
C([0, 1],Mn) such that π0 ◦ Φ = ϕ1, π1 ◦ Φ = ϕ2,
Φ(f) =
n∑
i=1
g(αi)pi for all g ∈ C(X) and (e 4.54)
‖πt ◦Φ(f)− ϕ1(f)‖ < ǫ for all f ∈ F . (e 4.55)
Moreover,
dist(αi(t), αi(0)) < ǫ for all f ∈ C(X) and for all t ∈ [0, 1]. (e 4.56)
Proof. Let M = sup{‖f‖ : f ∈ F}. Let δ1 > 0 (in place of δ) be as in 3.3 associated with ǫ/4
(in place of ǫ) and M. Let δ2 = min{ǫ/4, δ1/2}. Let δ > 0 and a finite G ⊂ C(X) be as in 3.2
associated with δ2 (in place of ǫ), η > 0 (in place of ǫ1) and F .
Now suppose that (e 4.53) holds for the above G and δ. It follows from 3.2 that there exist
continuous maps α′i : [0, 1/2] → X (i = 1, 2, ..., n) and mutually orthogonal rank one projections
{e1, e2, ..., en} ⊂Mn such that
n∑
i=1
f(α′i(0))ei = ϕ1(f) and ‖
n∑
i=1
f(α′i(t))ei − ϕ1(f)‖ < ǫ1 for all f ∈ F and (e 4.57)
for all t ∈ [0, 1/2] and there exists a unitary u ∈Mn such that
adu ◦
n∑
i=1
f(α′i(1/2))ei = ϕ2(f) for all f ∈ C(X). (e 4.58)
In particular,
‖u(
n∑
i=1
f(α′i(1/2))ei)− (
n∑
i=1
f(α′i(1/2))ei)u‖ < 2ǫ1 (e 4.59)
for all f ∈ F . By applying 3.3, there exists a continuous path of unitaries {u(t) : t ∈ [1/2, 1]} ⊂
Mn such that
u(1/2) = 1, u(1) = u and ‖u(t)(
n∑
i=1
f(α′i(1/2))ei)− (
n∑
i=1
f(α′i(1/2))ei)u‖ < ǫ/4 (e 4.60)
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for all f ∈ F . Define αi(t) = α′i(t) if t ∈ [0, 1/2] and αi(t) = α′i(1/2) if t ∈ (1/2, 1], i = 1, 2, ..., n.
Define pi(t) = ei if t ∈ (1/2, 1] and pi(t) = u(t)∗eiu(t) if t ∈ (1/2, 1]. Then
n∑
i=1
f(αi(0))pi(0) = ϕ1(f),
n∑
i=1
f(αi(1))pi(1) = ϕ2(f) for all f ∈ C(X) and (e 4.61)
‖
n∑
i=1
f(αi(t))pi(t)− ϕ1(f)‖ < ǫ for all f ∈ F . (e 4.62)
Lemma 4.5. Let X be a connected finite CW complex and let n ≥ 1. Let Y be a finite CW
complex of dimension 1 and let ϕ : C(X)→ C(Y,Mn). Then, for any ǫ > 0 and any finite subset
F ⊂ C(X), there exist mutually orthogonal rank one rank projections p1, p2, ..., pn ⊂ C(Y,Mn)
and continuous maps αi : Y → X such that
‖ϕ(f)−
n∑
i=1
f(αi)pi‖ < ǫ for all f ∈ F . (e 4.63)
Moreover, if {y1, y2, ..., yL} is fixed, then one can also require that
ϕ(f)(yl) =
n∑
i=1
f(αi(yl))pi(yl) for all f ∈ C(X), (e 4.64)
l = 1, 2, ..., L.
Proof. The proof of the first part follows that of 4.1 [13]. Since dimX = 1, one can choose a finite
subset {ζ1, ζ2, ..., ζK} ⊂ X which is ordered in the way so that ζj−1 and ζj are connected by a
path which is homeomorphic to a line segment and X is the union of these paths (line segments).
Without loss of generality, one may assume that these paths are line segments and will be written
as [ζj−1, ζj ], j = 1, 2, ...,K. Furthermore, one may assume that {y1, y2, ..., yL} ⊂ {ζ1, ζ2, ..., ζK}.
By adding sufficiently many points to {ζ1, ζ2, ..., ζK}, one may also assume that
|f(t)− f(ζj−1)| < ǫ/3 for all f ∈ F (e 4.65)
and all t ∈ [ζj−1, ζj], j = 1, 2, ...,K.
For each j, by applying 4.4, there are continuous maps αi,j : [ζj−1, ζj ] → X (i = 1, 2, ..., n)
and mutually orthogonal rank one projections {p1,j, p2,j , ..., pn,j} ⊂ C([ζi−1, ζj ],Mn) such that
n∑
i=1
f(αi,j(ζj−1))pi(ζj−1) = πζj−1 ◦ ϕ,
n∑
i=1
f(αi,j(ζj))pi(ζj) = πζj ◦ ϕ and (e 4.66)
‖
n∑
i=1
f(αi,j)(t)pi(t)− πζj−1 ◦ ϕ(f)‖ < ǫ/3 for all f ∈ F , (e 4.67)
j = 1, 2, ...,K. Define αi : Y → X such that αi(t) = αi,j(t) for t ∈ [ζj−1, ζj ], and define
pi(t) = pi,j(t) for t ∈ [ζj−1, ζj ], j = 1, 2, ...,K.
Thus
‖ϕ(f)−
n∑
i=1
f(αi)pi‖ < ǫ for all f ∈ F .
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5 Approximate homomorphisms and The Basic Homotopy Lemma
Lemma 5.1. Let X be a locally path connected compact metric space and let n ≥ 1 be an
integer. Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist δ > 0 and a finite
subset G ⊂ C(X) satisfying the following: for any unital map ϕ : C(X) → C([0, 1],Mn) with
‖ϕ(f)‖ ≤M for all ‖f‖ ≤ 1 such that
‖ϕ(λ1x+ λ2y)− (λ1ϕ(x) + λ2ϕ(y))‖ < δ, (e 5.68)
‖ϕ(xy)− ϕ(x)ϕ(y)‖ < δ and ‖ϕ(x∗)− ϕ(x)∗‖ < δ (e 5.69)
for all λ1, λ2 ∈ C with |λi| ≤ 1 (i = 1, 2) and x, y ∈ G, there exists a unital homomorphism
ψ : C(X)→ C([0, 1],Mn) such that
‖ϕ(f)− ψ(f)‖ < ǫ for all f ∈ F . (e 5.70)
If, moreover, π0◦ϕ is a unital homomorphism, or both π0◦ϕ and π1◦ϕ are unital homomorphisms,
then ψ can be so chosen that π0 ◦ ψ = π0 ◦ ϕ (or π0 ◦ ψ = π1 ◦ ϕ and π1 ◦ ϕ = π1 ◦ ψ).
Proof. Let ǫ > 0 and a finite subset F ⊂ C(X) be given. Without loss of generality, we may
assume that ‖f‖ ≤ 1 for all f ∈ F . Let δ1 > 0 (in place of δ) and G1 (in place of G) associated
with ǫ/3, F and n required by 4.4. One may assume that F ⊂ G1 and δ1 < ǫ/2.
Let δ > 0 and G ⊂ C(X) be a finite subset associated with δ1/3 (in place of ǫ) and G1 (in
place of F and M as required by 2.2. One may assume that G1 ⊂ G. Suppose that ϕ satisfies
(e 5.68) and (e 5.69) for the above δ and G. Let η > 0 such that
|f(t)− f(t′)| < δ1/3 for all f ∈ G (e 5.71)
if |t− t′| < η. Let
0 = t0 < t1 < · · · < tN = 1
be a partition such that |ti − ti−1| < η, i = 1, 2, ..., N. It follows from 2.2 that, for each i, there
exists a unital homomorphism ψi : C(X)→Mn such that
‖ϕ(f)(ti)− ψi(f)‖ < δ1/3 for all f ∈ F ∪ G1. (e 5.72)
One estimates that
‖ψi(f)− ψi−1(f)‖ ≤ ‖ψi(f)− ϕ(f)(ti)‖ (e 5.73)
+‖ϕ(f)(ti)− ϕ(f)(ti−1)‖+ ‖ϕ(f)(ti−1)− ψi−1(f)‖ (e 5.74)
< δ1/3 + δ1/3 + δ1/3 = δ1 (e 5.75)
for all f ∈ F ∪ G1, i = 1, 2, ..., N. It follows from 4.4 that, for each i, there is a unital homomor-
phism Φi : C(X)→ C([ti−1, ti],Mn) such that
πti−1 ◦ Φi = ψi−1, πti ◦ Φi = ψi and (e 5.76)
‖πt ◦ Φi(f)− ψi−1(f)‖ < ǫ/3 (e 5.77)
for all t ∈ [ti−1, ti], i = 1, 2, ..., N. Note that it π0 ◦ϕ (or π1 ◦ϕ) is a unital homomorphism, then
one can require that π0 ◦Φ = π0 ◦ ϕ (or π1 ◦ Φ = π1 ◦ ϕ).
Define Φ : C(X)→ C([0, 1],Mn) by πt ◦Φ = πt ◦Φi for t ∈ [ti−1, ti], i = 1, 2, ..., N. It is easy
to see that Φ meets the requirements.
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Lemma 5.2. Let X be a compact metric space and let n ≥ 1 be an integer. For any ǫ > 0
and any finite subset F ⊂ C(X), there exist a finite subset G ⊂ C(X) and δ > 0 satisfying the
following:
Suppose that ϕ : C(X) → C([0, 1],Mn) is a unital homomorphism and u ∈ C([0, 1],Mn)
such that
‖uϕ(g) − ϕ(g)u‖ < δ for all g ∈ G. (e 5.78)
Then there exists a continuous path of unitaries {U(s) : s ∈ [0, 1]} in C([0, 1],Mn) with U(0) = u
and U(1) = 1 such that
‖U(s)ϕ(f) − ϕ(f)U(s)‖ < ǫ for all f ∈ F (e 5.79)
and for all s ∈ [0, 1]. Moreover, if
u(0)(π0 ◦ ϕ(f)) = (π0 ◦ ϕ(f))u(0)(and u(1)(π1 ◦ ϕ(f)) = (π1 ◦ ϕ(f))u(1)) (e 5.80)
for all f ∈ C(X), then one can choose U so that
U(s)(0)(π0 ◦ ϕ(f)) = (π0 ◦ ϕ(f))U(s)(0) (and U(s)(1)(π1 ◦ ϕ(f)) = (π1 ◦ ϕ(f))U(s)(1)) (e 5.81)
for all f ∈ C(X).
Proof. Fix ǫ > 0 and a finite subset F ⊂ C(X). Put Y = X × T. We identify C(Y ) with
C(X) ⊗ C(T). Denote by F1 = {f ⊗ 1, 1 ⊗ z : f ∈ F}, where z ∈ C(T) is the identity function
on the unit circle. Let δ > 0 and let G1 ⊂ C(Y ) (in place of G) be the finite subset required by
5.1 for ǫ/4 and F1 and Y (in place of X).
It is easy to see, by choosing smaller δ, one may assume that G1 = {f ⊗ 1, 1⊗ z : f ∈ G} for
some finite subset G ⊂ C(X). Assume (e 5.78) holds for δ and G. It follows from 5.1 that there
exists a unital homomorphism Φ : C(X)⊗ C(T)→ C([0, 1],Mn) such that
‖Φ(f ⊗ 1)− ϕ(f)‖ < ǫ/4 and ‖Φ(1⊗ z)− u‖ < ǫ/4 (e 5.82)
for all f ∈ F . It follows from 4.5 that there are continuous functions αi : [0, 1] → X and
βi : [0, 1]→ T such that
‖Φ(f ⊗ 1)−
n∑
i=1
f(αi)pi‖ < ǫ/4 and ‖Φ(1⊗ z)−
n∑
i=1
βipi‖ < ǫ/4 (e 5.83)
for all f ∈ F , where p1, p2, ..., pn are rank one projections in C([0, 1],Mn).
Since βi ∈ C([0, 1],T), there exists a continuous path of unitaries {ui(s) : s ∈ [1/2, 1]} ⊂
C([0, 1],Mn) such that
ui(1/2) = βi and ui(1) = 1, i = 1, 2, ..., n. (e 5.84)
Define U(s) =
∑n
i=1 ui(s)pi for s ∈ [1/2, 1]. Note that, for each s ∈ [1/2, 1], U(s) ∈ C([0, 1],Mn).
Moreover,
U(1/2) =
n∑
i=1
βipi, u(1) = 1 and U(s)(
n∑
i=1
f(αi)pi) = (
n∑
i=1
f(αi)pi)U(s) (e 5.85)
for all f ∈ C(X) and s ∈ [1/2, 1]. Thus , by (e 5.82) and (e 5.83),
‖U(s)ϕ(f)− ϕ(f)U(s)‖ < ǫ/2 for all f ∈ F for all s ∈ [1/2, 1]. (e 5.86)
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Since, by (e 5.82) and (e 5.83),
‖1Mn − u∗(
n∑
i=1
βipi)‖ < ǫ/2, (e 5.87)
there exists a self-adjoint element a ∈ C([0, 1],Mn) such that
u∗(
n∑
i=1
βipi) = exp(ia) and ‖a‖ ≤ 2 arcsin(ǫ/4). (e 5.88)
Define U(s) = u exp(i2sa) for s ∈ [0, 1/2]. Then {U(s) : s ∈ [0, 1/2]} ⊂ C([0, 1],Mn) such that
U(0) = u, U(1/2) =
n∑
i=1
βi(1/2)pi and (e 5.89)
‖1− u∗U(s)‖ < ǫ/2 for all t ∈ [0, 1/2] (e 5.90)
for all s ∈ [0, 1/2]. Note that {U(s) : t ∈ [0, 1]} ⊂ C([0, 1],Mn) is a continuous path of unitaries
and one estimates that
‖ϕ(f)U(s) − U(s)ϕ(f)‖ < ǫ for all f ∈ F (e 5.91)
for all s ∈ [0, 1].
This proves the first part of the lemma. To prove the last part, by applying the last part of
5.1, one may choose Φ so that
π0 ◦ Φ(f ⊗ 1) = π0 ◦ ϕ(f) and π0 ◦ Φ(1⊗ z) = u(0). (e 5.92)
Moreover, by 4.5,
π0 ◦ Φ(f ⊗ 1) =
n∑
i=1
f(αi(0))pi(0) and π0 ◦ Φ(1⊗ z) =
n∑
i=1
βi(0)pi(0). (e 5.93)
Therefore,
(π0 ◦ ϕ(f))U(s)(0) = U(s)(0)(π0 ◦ ϕ(f)) (e 5.94)
for all f ∈ C(X) and s ∈ [1/2, 1]. In this case, one also has a(0) = 0 in (e 5.88). Therefore
U(s)(0) = u for all s ∈ [0, 1/2]. Thus, in fact, (e 5.94) holds for all s ∈ [0, 1].
One can also make the same arrangement for t = 1.
6 Approximate diagonalization
Definition 6.1. Let Y be a compact metric space. Recall that Y is a locally absolute retract,
if, for any y ∈ Y and any ǫ1 > 0, there exist ǫ1 > ǫ2 > 0 and a closed neighborhood Z of y such
that B(y, ǫ2) ⊂ Z ⊂ B(y, ǫ1) and Z is an absolute retract.
Lemma 6.2. Let X be a compact metric space which is locally absolutely retract and n ≥ 1 be
an integer. Let T be the unit circle. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Suppose that
ϕ : C(X)→ C(T,Mn) is a unital homomorphism satisfying the following:
(1) ϕ(f) =
∑n
i=1 f(αi)pi, where αi : T → X are continuous maps and {p1, p2, ..., pn} ⊂
C(T,Mn) are mutually orthogonal rank one projections;
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(2) π√−1◦ϕ(f) =
∑m
i=1 f(xi)ei, where {x1, x2, ..., xm} ⊂ X are distinct points, {e1, e2, ..., em}
is a set of mutually orthogonal non-zero projections,
(3) There is a partition {S1, S2, ..., Sm} of {1, 2, ..., n} such that, for s ∈ Si,
dist(xi, αs(y)) < η1 for all y ∈ X, (e 6.95)
B(xi, η1) ⊂ Zi ⊂ B(xi, η2/4) and Zi is a compact subset which is also absolutely retract, i =
1, 2, ...,m, where
|f(x)− f(x′)| < min{δ0/2, ǫ/4} for all f ∈ G,
if dist(x, x′) < η2, and where δ0 (in place of δ) and G associated with ǫ/2 (in place of ǫ) and F
required by 5.2;
(4)
‖π√−1 ◦ ϕ(g) − πt ◦ ϕ(g)‖ < δ0/2 for all g ∈ G and t ∈ T. (e 6.96)
Then, there exist continuous maps γi : D → X and mutually orthogonal rank one projections
{q1, q2, ..., qn} ⊂ C(D,Mn) such that, for any t ∈ T and any y ∈ D,
‖πt ◦ ϕ(f)−
n∑
i=1
f(γi(y))qi(y)‖ < ǫ for all f ∈ F , (e 6.97)
γi|T = αi and qi|T = pi, (e 6.98)
i = 1, 2, ..., n, where D is the unit disk.
Proof. Let C+ be the unit upper semi-circle and C− be the unit lower semi-circle. Let L+ =
{1 + a√−1 : −1 ≤ a ≤ 0}, L− = {−1 + a
√−1 : −1 ≤ a ≤ 0} and let C ′+ = {z −
√−1 : z ∈ C+}.
Denote by Ω the compact subset of the plane with boundary consisting of C+, C
′
+, L+ and L−.
For each i (1 ≤ i ≤ n), define βi : ∂Ω→ X as follows:
βi(y) =


αi(y), if y ∈ C+;
αi(−1) if y ∈ L−;
αi(1) if y ∈ L+ and
αi(e
−√−1θ) if y = e
√−1θ −√−1.
Note that, by (e 6.95), βi(y) ∈ Zi. Since Zi is an absolute retract, there is a continuous map
β¯i : Ω→ Zi such that β¯i|∂Ω = βi, i = 1, 2, ..., n, Define Φ1 : C(X)→ C(Ω,Mn) by
Φ1(f)(y) =
n∑
i=1
f(β¯i(y))pi(e
√−1θ) (e 6.99)
for y = e
√−1θ − a√−1 for some −1 ≤ a ≤ 0 and 0 ≤ θ ≤ π, and for all f ∈ C(X). By (3),
‖Φ(f)(y)− ϕ(f)(√−1)‖ < min{δ0/2, ǫ/4} for all y ∈ Ω. (e 6.100)
Since pi has rank one, there exists a unitary u ∈ C(C+,Mn) such that
u(e
√−1t)∗pi(e
√−1t)u(e
√−1t) = pi(e−
√−1t) for all t ∈ [0, π], (e 6.101)
i = 1, 2, ..., n. Define ϕ1, ϕ2 : C(X)→ C(C+,Mn) by
ϕ1(f)(e
√−1θ) =
n∑
i=1
f(αi(e
−√−1θ))pi(e
√−1θ) and (e 6.102)
ϕ2(f)(e
√−1θ) =
n∑
i=1
f(αi(e
−√−1θ))pi(e−
√−1θ) (e 6.103)
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for all 0 ≤ θ ≤ π. Then,
u(e
√−1θ)∗ϕ1(f)(e
√−1θ)u(e
√−1θ) = ϕ2(f)(e
√−1θ) (e 6.104)
for all 0 ≤ θ ≤ π. By (3),
max
0≤θ≤pi
‖ϕ1(f)(e
√−1θ)− ϕ(f)(e
√−1θ)‖ < min{δ0/2, ǫ/4}. (e 6.105)
By (4), one has that
‖ϕ2(f)− ϕ(f)‖C+ < δ0/2 for all f ∈ G. (e 6.106)
Note that
ϕ1(f)(−1) = ϕ2(f)(−1) and ϕ1(f)(1) = ϕ2(f)(1) (e 6.107)
for all f ∈ C(X). It follows from 5.2 that there exists a continuous path of unitaries {Us : s ∈
[0, 1]} ⊂ C(C+,Mn) such that U1 = u, U0 = 1Mn and, for all s ∈ [0, 1],
‖U∗sϕ1(f)Us − ϕ1‖C+ < ǫ/2 for all f ∈ F . (e 6.108)
Moreover,
Us(−1)∗ϕ1(f)(−1)Us(−1) = ϕ1(f)(−1) and Us(1)∗ϕ1(f)(1)Us(1) = ϕ1(f)(1) (e 6.109)
for all f ∈ C(X).
Let C ′− = {z − 2
√−1 : z ∈ C−}, L′− = {−1 + b
√−1 : −2 ≤ b ≤ −1} and L′+ = {1 + b
√−1 :
−2 ≤ b ≤ −1}. Denote by Ω1 the compact subset with the boundary consisting of C ′+, L′−, L′+ and
C ′−. Define Φ2 : C(X)→ C(Ω1,Mn) as follows: If y = (1−s)(e
√−1θ)−√−1)+s(e−
√−1θ−2√−1),
then define
Φ2(f)(y) = Us(e
√−1θ)∗ϕ1(f)(e
√−1θ)Us(e
√−1θ) (e 6.110)
for all s ∈ [0, 1] and 0 ≤ θ ≤ π. Then
Φ2(f)(y) =
n∑
i=1
f(αi(e
−√−1θ))(U∗s piUs)(e
√−1θ) (e 6.111)
for all f ∈ C(X), if y = (1− s)(e
√−1θ)−√−1) + s(e−
√−1θ − 2√−1), s ∈ [0, 1] and 0 ≤ θ ≤ π.
Note that
Φ2(f)(e
√−1θ −√−1) = Φ1(f)(e
√−1θ −√−1), (e 6.112)
Φ2(f)(e
√−1θ − 2√−1) = ϕ(f)(e−
√−1θ) (e 6.113)
Φ2(f)(y) = ϕ(f)(−1) and Φ2(f)(y′) = ϕ(f)(1) (e 6.114)
for any y ∈ L′−, y′ ∈ L′+ and 0 ≤ θ ≤ π. Let Ω2 = Ω ∪ Ω1. By (e 6.112), one can define
Φ : C(X)→ C(Ω2,Mn) by
Φ(f)(y) = Φ1(f)(y) if y ∈ Ω and Φ(f)(y) = Φ2(f)(y) if y ∈ Ω1. (e 6.115)
Fix 3/4 < d0 < 1. Let
S− = {−d0 + (1− d0)eiθ : |θ| ≤ π} and S+ = {d0 + (1− d0)eiθ : |θ| ≤ π}
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be two small circles with the centers −d0 and d0, respectively. Let A be the connected subset
containing the origin and bounded by S−, S+, C+ and C−. Denote by Ao the interior of A. Then
there exists a continuous map Γ : Ω2 → A which is a homeomorphism from the interior of Ω2
onto Ao, which fixes C+, maps C
′
− onto C− such that Γ(e
√−1θ − 2√−1) = e
√−1θ and maps
L− ∪ L′− onto S− and L+ ∪ L′+ onto S+.
Now define ψ : C(X)→ C(D,Mn) by
ψ(f)(y) =


Φ(f(Γ−1(y))), if y ∈ Ao;
ϕ(f)(y), if y ∈ C+;
ϕ(f)(y), if y ∈ C−;
ϕ(f)(−1), if |y + d0| ≤ 1− d0;
ϕ(f)(1), if |y − d0| ≤ 1− d0
(e 6.116)
for all f ∈ C(X). That ψ maps C(X) into C(D,Mn) follows from (e 6.99), (e 6.112), (e 6.113)
and (e 6.114). By (e 6.99) and (e 6.111), there are continuous maps γi : D → X and mutually
orthogonal rank one projections q1, q2, ..., qn ∈ C(D,Mn) such that
ψ(f)(y) =
n∑
i=1
f(γi(y))qi(y) for all f ∈ C(X). (e 6.117)
Moreover,
γi|T = αi and qi|T = pi, i = 1, 2, ..., n (e 6.118)
It follows (e 6.100) and (e 6.106)
‖πt ◦ ϕ(f)−
n∑
i=1
f(γi(y))qi(y)‖ < ǫ for all f ∈ F . (e 6.119)
Theorem 6.3. Let X be a compact metric space which is a locally absolute retract and let n ≥ 1.
Suppose that Y is a compact metric space with dimY ≤ 2 and suppose that ϕ : C(X)→ C(Y,Mn)
is a unital homomorphism. Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist
continuous maps αi : Y → X (1 ≤ i ≤ n) and mutually orthogonal rank one projections
e1, e2, ..., en ∈ C(Y,Mn) such that
‖ϕ(f)−
n∑
i=1
f(αi)ei‖ < ǫ for all f ∈ F . (e 6.120)
Proof. Fix ǫ > 0 and a finite subset F ⊂ C(X). Let δ0 > 0 (in pace of δ) and G1 ⊂ C(X) (in
place of G) be a finite subset associated with ǫ/16 and F required by 5.2 (for the given n). One
may assume that F ⊂ G1. Let η > 0 be such that
|f(x)− f(x′)| < min{δ0/2, ǫ/16} for all f ∈ G1, (e 6.121)
provided that dist(x, x′) < η. Since X is locally absolute retract and compact, there exists η1 > 0
such that, for any x ∈ X, B(x, η1) ⊂ Zx ⊂ B(x, η/2), where Zx is a compact subset which is
also an absolute retract. For each y ∈ Y, let δ1(y) > 0 (in place of δ) and G′2(y) ⊂ C(X) (in
place of G) be a finite subset associated with min{η0/3, ǫ/16} (in place of ǫ) and πy ◦ϕ required
by 4.2.
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For each y ∈ Y, let δ2(y) > 0 (in place of δ) and G2(y) ⊂ C(X) (in place of G) be a finite
subset associated with min{η0/3, ǫ/6} (in place of ǫ) and πy ◦ ϕ (in place of ϕ1) required by
4.4. Without loss of generality, to simplify notation, we may assume that δ1(y) ≤ δ2(y) and
G1 ∪ G′2(y) ⊂ G2(y).
For each y, there exists d′(y) > 0 such that
‖πy ◦ ϕ(g) − πy′ ◦ ϕ(g)‖ < min{δ0/2, δ2(y)/3, ǫ/16} for all g ∈ G2(y), (e 6.122)
provided that dist(y, y′) < d′(y).
Fix r > 0. For each y ∈ Y, let d(y) = d′(y)r. Now ∪y∈YB(y, d(y)/12) ⊃ Y. Let y1, y2, ..., yK ∈
Y be a finite subset such that {B(yi, d(yi)/12) : i = 1, 2, ...,K} covers Y. Moreover, one may
assume that the order of the cover ≤ 2. One builds a simplicial complex as follows: y1, y2, ..., yN
are vertices and 0-simplexes, and yi1yi2 or yi1yi2yi3 form a 1-simplex (or 2-simplex) if and only
if
B(yi1 , d(yi1)/12) ∩B(yi2 , d(yi2)/12) 6= ∅ (e 6.123)
( and B(yi1d(yi1)/12) ∩B(yi2 , d(yi2)/12) ∩B(yi3 , d(yi3/12)) 6= ∅.) (e 6.124)
Denote by S(r) the simplicial complexes constructed this way and by S(r) the underline
polyhedra. Moreover, if yiyj is a 1-simplex, then
dist(yi, yj) < max{d(yi)/6, d(yj)/6}. (e 6.125)
If yj is a vertex, then there are points α
(k)
j (yj) ∈ X, k = 1, 2, ..., n, and mutually orthogonal
rank one projections pj1, p
j
2, ..., p
j
n ∈Mn such that
ϕ(f)(yj) =
n∑
k=1
f(α
(k)
j (yj))p
j
k for all f ∈ C(X). (e 6.126)
Denote by Ii,j the line segment defined by yiyj . Therefore, by applying 4.4, there are con-
tinuous maps α
(k)
i,j : Ii,j → X, k = 1, 2, ..., n, and mutually orthogonal rank one projections
pi,j1 , p
i,j
2 , ..., p
i,j
n ∈ C(Ii,j,Mn) such that
n∑
k=1
f(α
(k)
i,j (ys))p
i,j
k (ys) = πys ◦ ϕ(f) for all f ∈ C(X), (e 6.127)
‖πys′ ◦ ϕ(g) −
n∑
k=1
f(α
(k)
i,j (t))p
i,j
k (t)‖ < min{δ2(ys′)/2, ǫ/16} for all g ∈ G2(ys′), (e 6.128)
where s = i, j and s′ = i, or j if max{d(yi)/6, d(yj)/6} = d(yi)/6, or max{d(yi)/6, d(yj)/6} =
d(yj)/6.
Let I(r) = ∪Ii,j be the union of all 0-simplex and 1-simplexes in S(r). One obtains a unital
homomorphism Φ′ : C(X)→ C(I(r),Mn) defined by
πt ◦ Φ′(f) =
n∑
k=1
f(α
(k)
i,j (t))p
i,j
k (t) (e 6.129)
if t ∈ Ii,j, and
πyj ◦Φ′ = πyj ◦ ϕ. (e 6.130)
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Define α′k : I(r) → X by α′k(t) = α(k)i,j (t) if t ∈ Ii,j and define projections p′i, p′2, ..., p′n in
C(I(r),Mn) by p
′
k(t) = p
i,j
k (t) if t ∈ Ii,j. Next one extends πt ◦ Φ′ on S(r).
To do this, one assumes that yi1yi2yi3 is a 2-simplex. Then
dist(yij , yij′ ) < d(yij )/6 for all j = 1, 2, 3 (e 6.131)
and for one of some j′ ∈ {1, 2, 3}. Without loss of generality, one may assume that 3 = j′.
One identifies the 2-polyhedron Ki1,i2,i3 determined by yi1yi2yi3 with the unit disk and iden-
tifies yi1 with 1, yi2 with −1 and yi3 with
√−1. Here the line segments determined by yi1yi2 ,
yi1yi3 and yi2yi3 with the arc with end points −1 and 1, the arc with end points 1 and
√−1,
and the arc with end points
√−1 and −1, respectively.
Let Ψ be the restriction of Φ′ on the unit circle T (with the above mentioned identification).
Then it is clear that Ψ satisfies (1), (2) and (4) in 6.2 (by replacing ϕ by Ψ) for ǫ/4 (in
place of ǫ) and F . By the choice of each δ1(y) and by 4.2, (3) is also satisfied (for Ψ). By
applying 6.2, and identifying the unit dick D with Ki1,i2,i3 , one obtains a unital homomorphism
Φi1,i2,i3 : C(X) → C(Ki1,i2,i3 ,Mn), continuous maps α(k)i1,i2,i3 : Ki1,i2,i3 → X and mutually
orthogonal rank one projections {pi1,i2,i3k : k = 1, 2, ..., n} ⊂ C(Ki1,i2,i3 ,Mn) such that (where
Kij ,ij′ is the 1-simplex determined by yijyij′ )
Φi1,i2,i3(f) =
n∑
k=1
f(α
(k)
i1,i2,i3
)pi1,i2,i3k for all f ∈ C(X), (e 6.132)
Φi1,i2,i3(f)|Kij ,ij′ =
n∑
k=1
f(α
(k)
ij ,ij′
)p
ij ,ij′
k for all f ∈ C(X) and (e 6.133)
‖Φi1,i2,i3(f)(t)−
n∑
k=1
f(α
(k)
i1,i2,i3
)(s)pi1,i2,i3k (s)‖ < ǫ/2 (e 6.134)
for all t in the boundary of Ki1,i2,i3 , s ∈ Ki1,i2,i3 and for all f ∈ F . Define αk : Y → S(r) by
αk(yj) = yj, αk(y) = α
(k)
i,j (y) if y is in the polyhedron determined by yiyj and αk(y) = α
(k)
i1,i2,i3
(y)
if y ∈ Ki1,i2,i3 . Define pk ∈ C(Y,Mn) by pk(yj) = pjk, pk(y) = pi,jk (y) if y ∈ Ki,j and pk(y) =
pi1,i2,i3k (y) if y ∈ Ki1,i2,i3 . Define ψ : C(X)→ C(S(r),Mn) by
ψ(f) =
n∑
k=1
f(αk)pk for all f ∈ C(X). (e 6.135)
Note that ψ(f)(t) = Φi1,i2,i3(f)(t) if t ∈ Ki1,i2,i3 and ψ(f)(t) =
∑n
k=1 f(αi,j)(t)p
i,j
k (t) if t ∈ Ki,j.
Moreover,
ψ(f)(yj) = ϕ(f)(yj) for all f ∈ C(X), j = 1, 2, ...,K, and (e 6.136)
‖ψ(f)(y) − ψ(f)(yj)‖ < ǫ/4 for all f ∈ C(X) (e 6.137)
and for some j so that y is in a simplex with yj as one of the vertex.
Now one changes r. To simplify notation, one may assume that diam(Y ) ≤ 1. One obtains
a sequence of open covers Um = {B(m)j } = {B(y(m)j , d(y(m)j , rm)/12) : j = 1, 2, ...,K(m)} (with
d(y, rm) = d
′(y)rm) such that: (i) the order of the cover is at most 2, and,
(ii)
rm+1 < min{ǫm/2,min{d′(y(m)j )/2m+1 : 1 ≤ j ≤ K(m)}}, (e 6.138)
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where ǫm is a Lebesque number for the cover Um. It follows from (ii) that (iii) holds: if B(m+1)j1 ∩
B
(m+1)
j2
∩· · ·B(m+1)jl 6= ∅, then there exists k ≤ K(k) such that B
(m+1)
js
⊂ B(m)k , s = 1, 2, ..., l. For
each m = 1, 2, ..., let Sm be the simplicial complex constructed from points {y1, y2, ..., yK(m)}
as above, and let S(rm) be the underline polyhedra of dimension at most 2 (see (e 6.123) and
(e 6.124)). Denote by ψm : C(X)→ C(S(rm),Mn) the unital homomorphism constructed above
using r = rm, m = 1, 2, ....
To specify the map πm+1m : S(rm+1)→ S(rm), for each j (≤ K(m+ 1)), let y(m+1)j be one of
the vertex. By virtue of (iii) above, the family
Uj,m = {B(m)j′ : B(m)j ⊂ B(m)j′ }
is non-empty. Since ∩B(m)j′ ∈ Uj,m 6= ∅, the vertices of Sm which correspond to the members of
Um,j span a simplex K(j,m) ∈ Sm. Define
πm+1m (y
(m+1)
j ) = b(K
(j,m)), (e 6.139)
where b(K(j,m)) denotes the barycenter of K(j,m). As in the proof 1.13.2 of [3], this implies
that, for every simplex S ∈ S(rm+1), the images of vertices of S under πm+1m are contained in a
simplex T ∈ S(rm).
This construction leads to an inverse limits lim←m(Sm+1, πm+1m ) which is homeomorphic to
Y (see the proof of 1.13.2 of [3]). One identifies these two spaces. Denote by π∞m : Y → Sm the
continuous map induced by the inverse limit.
Denote by Jm : C(S(rm),Mn)→ C(S(rm+1),Mn) the unital homomorphism defined by
Jm(f)(y) = f(π
m+1
m (y)) for all f ∈ C(S(rm),Mn), (e 6.140)
m = 1, 2, .... Denote by Jm,∞ : C(Y,Mn) → C(S(rm),Mn) the unital homomorphism induced
by the inductive limit C(Y,Mn) = limm→∞(C(S(rm),Mn), Jm) which can also be defined by
Jm,∞(f)(y) = f(π∞m (y)) for all f ∈ C(Y,Mn).
Fix y ∈ Y and m. There is a simplex Km ∈ S(rm) such that π∞m (y) ∈ Km and therefore
there exists a vertex y
(m)
j(m) such that
dist(y, y
(m)
j(m)) < d
′(y(m)
j(m))/6 · 2m (e 6.141)
(see for example the proof of 1.13.2 of [3]). Let ψm : C(X)→ S(rm) be the unital homomorphism
construct above (by replacing r by rm). So
ψm(f) =
n∑
k=1
f(αk)pk for all f ∈ C(X),
where αk and pk (k = 1, 2, ..., n) as constructed above (with r replaced by rm).
One estimates, by (e 6.141), (e 6.122), (e 6.136) and (e 6.137), that
‖ϕ(f)(y) − Jm,∞ ◦ ψm(f)(y)‖ ≤ ‖ϕ(f)(y) − ϕ(f)(y(m)j(m))‖+ ‖ϕ(f)(y
(m)
j(m))− ψm(f)(y
(m)
j(m))‖
+‖ψm(f)(y(m)j(m))− ψm(f)(π∞m (y))‖
< ǫ/16 + 0 + ǫ/4 < ǫ (e 6.142)
for all f ∈ F . Note that
Jm,∞ ◦ ψm(f) =
n∑
k=1
f(αk ◦ π∞m )pk (e 6.143)
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for all f ∈ C(X). This completes the proof.
Definition 6.4. Let Y be a compact metric space and C ⊂ C(Y,Mn) be a unital C∗-subalgebra.
C is said to be diagonalized if there are mutually orthogonal rank one projections {p1, p2, .., pn} ⊂
C(Y,Mn) such that pi commutes with every element in C, i = 1, 2, ..., n.
Theorem 6.5. Let X be a compact metric space and let n ≥ 1. Suppose that Y is a compact
metric space with dimY ≤ 2 and suppose that ϕ : C(X)→ C(Y,Mn) is a unital homomorphism.
Then, for any ǫ > 0 and any compact subset F ⊂ C(X), there is a unital commutative C∗-
subalgebra B ⊂ C(Y,Mn) which can be diagonalized and
dist(ϕ(f), B) < ǫ for all f ∈ F . (e 6.144)
Proof. One may view that X ⊂ I, where I is the Hilbert cube which is viewed as a subset of
l2. Note that Hilbert cube is convex and every open (or closed) ball in I is convex and therefore
is absolute retract and locally absolute retract. Thus X = ∩∞m=1Fm, where each Fm is a finite
union of closed balls of I. In particular, each Fm is locally absolute retract. Let ım : Fm+1 → Fm
(m = 1, 2, ...) and ı∞m : X → Fm be the embeddings Let jm : C(Fm) → C(Fm+1) defined by
jm(f) = f(ım) and jm,∞ : C(Fm) → C(X) by j∞m (f) = f(ı∞m ) for all f ∈ C(X). Now let ǫ > 0
and a finite subset F ⊂ C(X) be given. For each f ∈ F , there is m ≥ 1 and gf ∈ C(Fm) such
that
‖j∞m (gf )− f‖ < ǫ/2 for all f ∈ F . (e 6.145)
Let G = {gf : f ∈ F}. By considering ϕm = ϕ ◦ j∞m , one obtains, by applying 6.3, continuous
maps βi : Y → Fm and mutually orthogonal rank one projections p1, p2, ..., pn ∈ C(Y,Mn) such
that
‖ϕm(gf )−
n∑
i=1
gf (βi)pi‖ < ǫ/2 for all f ∈ F . (e 6.146)
By combing (e 6.146) with (e 6.145), one has that
‖ϕ(f)−
n∑
i=1
gf (βi)pi‖ < ǫ for all f ∈ F .
Let B be the commutative C∗-subalgebra generated by
∑n
i=1 gf (βi)pi for f ∈ F .
Corollary 6.6. Let Y be a compact metric space with dimY ≤ 2, let n ≥ 1 be an integer
and let x be a normal element. Then, there are n sequences of functions {λ(m)k } in C(Y )
(k = 1, 2, ..., n) and there is a sequence of sets of n mutually orthogonal rank one projections
{p(m)1 , p(m)2 , ..., p(m)n } ⊂ C(Y,Mn) such that
lim
m→∞ ‖x−
n∑
k=1
λ
(m)
k p
(m)
k ‖ = 0.
Moreover, if x is self-adjoint, λ
(m)
k can be chosen to be real and if x is a unitary, λ
(m)
k can be
chosen so that |λ(m)k | = 1, k = 1, 2, ..., n and m = 1, 2, ....
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7 Higher dimensional cases
In this section, we consider the cases that dimY ≥ 3. One would hope that the similar argument
used in section 6 can repeat for higher dimensional space Y. In fact, a version of 5.1 and 5.2
can be proved for two dimensional spaces. However, the last requests in 5.1 and 5.2 can not
be improved, for example, in a generalized 5.2, U(s) can not be chosen so it exactly commutes
with ϕ on a given line segment even u can. The reason is that not every homomorphism to
C([0, 1],Mn) can be exactly diagonalized (see [9]). This technical problem is fatal as one can
see from the results of this section. Nevertheless, one has the following.
Proposition 7.1. Let X be a zero dimensional compact metric space, n ≥ 1 and let Y be a
compact metric space for which every minimal projection in C(Y,Mn) has rank one or zero at
each point of Y (which is the case if dimY ≤ 3—see 7.2 ).
Then any unital homomorphism ϕ : C(X)→ C(Y,Mn) can be approximately diagonlaized.
Proof. We may assume that X ⊂ R. Choose an element x ∈ C(X) with sp(x) = X. If f ∈ C(X)
then one has f = f(x). For any δ > 0, there are mutually orthogonal projections {e1, e2, ..., eN} ⊂
C(X) for which
∑N
j=1 ej = 1 and real numbers λ1, λ2, ..., λN ∈ X such that
‖x−
N∑
j=1
λjej‖ < δ. (e 7.147)
Given a finite subset F ⊂ C(X) and ǫ > 0, by choosing a sufficiently small δ, one may assume
that
‖f(x)−
N∑
j=1
f(λj)ej‖ < ǫ for all f ∈ F . (e 7.148)
Let ϕ : C(X)→ C(Y,Mn) be a unital homomorphism. Then
‖ϕ(f)−
N∑
j=1
f(λj)ϕ(ej)‖ < ǫ for all f ∈ F . (e 7.149)
Since each ϕ(ej) is a projection, by the assumption, there are mutually orthogonal projections
{pj,1, pj,2, ..., pj,r(j)} ⊂ C(Y,Mn) such that pj,i(y) has rank either one or zero and
∑r(j)
i=1 pj,i =
ϕ(ej), j = 1, 2, ..., N. Since
∑N
j=1 ϕ(ej) = 1C(Y,Mn), it is easy to find mutually orthogonal
rank one projections p1, p2, ..., pn, where each pi is a sum of some projections pj,k, such that∑n
i=1 pi = 1C(Y,Mn). Suppose that pi =
∑
k pjk,ik , n = 1, 2, ..., n. Let Yjk,ik be the clopen set
so that pjk,ik(y) 6= 0. Define a continuous map αi : Y → X by αi(y) = λjk if y ∈ Yjk,ik and
αi(y) = 0 if y is not in the support if pi. Then, by (e 7.149),
‖ϕ(f) −
n∑
i=1
f(αi)pi‖ < ǫ for all f ∈ F . (e 7.150)
Remark 7.2. Let Y be a connected finite CW complex with dimY = d ≤ 3. Then [d/2] ≤ 1.
Let p ∈Mn(C(Y )) be a projection with rank r ≥ 2. It follows from 8.12 of [6] that there exists
a projection q ≤ p with rank r − [d/2] which is trivial. Thus q 6= 0. Then there is a rank one
projection e ≤ q ≤ p. Therefore p is not minimal. This shows that any minimal projection
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of Mn(C(Y )) has rank one. Since every compact metric space is an inverse limit of finite CW
complex, it is easy to see that, if Y is a compact metric space with dimY ≤ 3 and p ∈Mn(C(Y ))
is a minimal projection, then p(y) = 0, or p(y) has rank one for any y ∈ Y.
Let Y be a compact metric space with dimY > 3. Suppose that C(Y,Mn) contains a min-
imal projection p with rank at least 2. Suppose that X is not connected, say X is a dis-
joint union of two clopen subsets X1 and X2. Choose a unital homomorphism ϕ1 : C(X1) →
(1 − p)C(Y,Mn)(1 − p) and a unital homomorphism ϕ2 : C(X2) → pC(Y,Mn)p. Define ϕ :
C(X)→ C(Y,Mn) by ϕ(f) = ϕ1(f |X1)+ϕ2(f |X2) for all f ∈ C(X). Then ϕ can not be possibly
approximately diagonalized because p is a minimal projection. Therefore, in what follows, we
mainly consider the case that X is connected, or, at least the case that dimX ≥ 1.
Proposition 7.3. Let Y be a compact metric space for which π1(Y ) is trivial and K1(C(Y )) 6=
{0}. Then there are unital homomorphisms from C(T) → C(Y,Mn) for some n ≥ 2 which can
not be approximately diagonalized.
Proof. Since K1(C(Y )) 6= {0}, there is an integer n ≥ 2 and a unitary u ∈ C(Y,Mn) such that
u 6∈ U0(C(Y,Mn)). Define a unital homomorphism ϕ : C(T) → C(Y,Mn) by ϕ(f) = f(u) for
all f ∈ C(T). Suppose that there are continuous maps αk : Y → T, k = 1, 2, ..., n and mutually
orthogonal rank one projections {p1, p2, ..., pn} ⊂ C(Y,Mn) such that
‖ϕ(z) −
n∑
k=1
z(αk)pk‖ < 1, (e 7.151)
where z is the identity function on the unit circle T. Note that u = ϕ(z). Since π1(Y ) = {0},
for each k, there is a continuous path of unitaries {wk(t) : t ∈ [0, 1]} ⊂ C(Y ) such that
wk(0) = z(αk) and wk(1) = 1.
One defines a continuous path of unitaries {U(t) : t ∈ [0, 1]} ⊂ U(C(Y,Mn)) by
U(t) =
n∑
k=1
wk(t)pk for t ∈ [0, 1].
Then U(0) =
∑n
k=1 z(αk)pk and U(1) = 1Mn . So
∑n
i=1 z(αk)pk ∈ U0(C(Y,Mn)). By (e 7.151),
u ∈ U0(C(Y,Mn)). A contradiction.
Corollary 7.4. There is a unital homomorphism ϕ : C(T) → C(S3,M2) such that ϕ can not
be approximately diagonalized.
Proof. Let
u(z, w) =
(
z −w¯
w z¯,
)
where (z, w) ∈ S3 = {(z, w) ∈ C2 : |z|2 + |w|2 = 1}. Then u ∈ U(M2(C(S3)) \ U0(M2(C(S3))).
However, π1(S3) = {0}. Thus, as in the proof of 7.3, this unitary can not be approximated by
unitaries which are diagonalized.
Corollary 7.5. Let X be a finite CW complex with dimX ≥ 2 and let Y be a compact metric
space for which π1(Y ) is trivial butK1(C(Y )) is not trivial. Then there are unital homomorphism
ϕ : C(X)→ C(Y,Mn) for some n ≥ 2 which can not be approximately diagonalized.
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Proof. X contains a subset D which is homeomorphic to the unit disk. Thus X contains a
subset S which is homeomorphic to T. Define s : C(X) → C(T) by the restriction on S and
then take the homeomorphism. If ϕ : C(T)→ C(Y,Mn) is one of those unital homomorphisms
which can not be diagonalized (by 7.3), then ϕ ◦ s can not be diagonalized.
Lemma 7.6. For any d > 0, if 0 < δ < d, and if a and b are two normal elements in a unital
C∗-algebra such that
‖a− b‖ < δ,
then
sp(b) ⊂ {λ ∈ C : dist(λ, sp(a)) < d}.
The proof is standard and known. The point here is that δ does not depend on a and b.
Lemma 7.7. Let Y be a compact metric space and let g ∈ C(Y,M2) be a normal element
for which sp(g(y)) = {λ(y), λ(y)} for each y ∈ Y. For any ǫ > 0, if α1, α2 : Y → C are two
continuous maps and if p1, p2 ∈ C(Y,M2) are mutually orthogonal rank one projections such
that
‖g − (α1p1 + α2p2)‖ < ǫ/8, (e 7.152)
then
‖g − (α1p1 + α1p2)‖ < ǫ. (e 7.153)
Proof. Suppose that (e 7.152) holds. It follows from 7.6 that, for each y ∈ Y,
|λ(y)− α1(y)| < ǫ/7 or |λ(y)− α1(y)| < ǫ/7 (e 7.154)
Then
|λ(y)− α2(y)‖ < ǫ/7 or |λ(y)− α2(y)| < ǫ/7. (e 7.155)
It follows that
|α2(y)− α1(y)| < 2ǫ/7 (e 7.156)
for all y ∈ Y. Therefore
‖g − (α1p1 + α1p2)‖ < ǫ. (e 7.157)
By modifying 4.4 of [9], one has the following:
Lemma 7.8. Let Y be a finite CW complex with dimY > 3. Then there is a self-adjoint element
b ∈ C(Y,M2) with sp(b) = [−1, 1] which can not be approximately diagonalized.
Proof. Since Y is a finite CW complex with dimY > 3, it contains a 4-dimensional cube.
Therefore there is a subset Y0 ⊂ Y such that Y0 is homeomorphic to S3. Identifying Y0 with S3,
one obtains a unitary u ∈ U(M2(C(Y0)) \ U0(M2(C(Y0)) which has the form
u(z, w) =
(
z −w¯
w z¯,
)
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where (z, w) ∈ S3 = {(z, w) ∈ C2 : |z|2 + |w|2 = 1}.
In fact, for every y ∈ Y0, u(y) ∈ SU(2). Since SU(2) is absolute neighborhood retract, there
is a neighborhood Y1 of Y0 and a map U ∈ C(Y1, SU(2)) which extends u. Let f ∈ C(Y ) be a
function such that 0 ≤ f(y) ≤ 1, f(y) = 1 if y ∈ Y0 and f(y) = 0 if y ∈ Y \ Y1. Define a normal
element g ∈ C(Y,M2) by g(y) = f(y)U(y) if y ∈ Y1 and g(y) = 0 if y ∈ Y \ Y1. Note that the
eigenvalues of g have the form λ and λ¯, where |λ|2 = f(x)2. Let 1/3 > δ > 0. Suppose that there
are continuous maps α1, α2 : Y → D, where D is the unit disk, and mutually orthogonal rank
one projections p1, p2 ∈ C(Y,M2) such that
‖g −
2∑
i=1
αipi‖ < δ/8. (e 7.158)
It follows from 7.7 that
‖g − (α1p1 + α1p2)‖ < δ. (e 7.159)
Let π : C(Y,M2)→ C(Y0,Mn) be the quotient map. Then
‖u(y)− (α1(y)π(p1) + α1(y)π(p2))‖ < δ for all y ∈ Y0. (e 7.160)
Since, for each y ∈ Y0, u(y) has eigenvalues λ(y) and λ(y) with |λ(y)| = 1, with small δ, one
may assume that
|α1(y)− α1(y)|α1(y)|−1| < 1/8 for all y ∈ Y0,
i = 1, 2. It follows (with a sufficiently small δ) that
‖u(y) − (β1(y)π(p1) + β1(y)π(p2))‖ < 1/2 (e 7.161)
for all y ∈ Y0, where β1(y) = α1(y)|α1(y)|−1. Since β1 maps Y0 to S1, Y0 is homeomorphic to S3
and since π1(S3) = {0}, there is a continuous path of {w(t) : t ∈ [0, 1]} ⊂ U(C(Y0,M2)) such
that
w(0) = β1 and w(1) = 1. (e 7.162)
Thus β1(y)π(p1)+β1(y)π(p2) ⊂ U0(C(Y0,M2)). From (e 7.161) and the fact that u 6∈ U0(C(Y0,M2)),
this is impossible.
Therefore g can not be approximately diagonalized. On the other hand, g(y) + g∗(y) =
γ(y)1M2 , where γ(y) = λ(y) + λ(y), for all y ∈ Y. Let b = (1/2i)(g − g∗). Then b is self-adjoint.
Suppose that there were sequences αj,n : Y → R and sequences of pairs {p1,n, p2,n} of mutually
orthogonal rank one projections in C(Y,M2) such that
lim
n→∞
‖b− (
2∑
j=1
αj,npj,n)‖ = 0. (e 7.163)
Note that p1,n + p2,n = 1M2 . Let βj,n = γ +
√−1αj,n, j = 1, 2 and n = 1, 2, .... It would imply
that
lim
n→∞ ‖g −
2∑
j=1
βj,npj,n‖ = 0. (e 7.164)
This contradicts what we have proved that g can not be approximately diagonalized. Therefore
one concludes that the self-adjoint element b can not be approximately diagonalized.
Finally, since u ∈ U(C(S3,M2)) \ U0(C(S3,M2)), sp(u) = T. It follows that sp(b) = [−1, 1].
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Theorem 7.9. Let Y be a finite CW complex with dimY > 3 and let n ≥ 2 be an integer. Then,
for any finite CW complex X with dimX ≥ 1, there exists a unital homomorphism ϕ : C(X)→
C(Y,Mn) which can not be approximately diagonalized.
Proof. X contains a compact subset which is homeomorphic to [−1, 1]. There is a surjective
homomorphism s : C(X) → C([−1, 1]). If n = 2, let b ∈ C(Y,M2) with sp(b) = [−1, 1] be
the self-adjoint element given by 7.8 which can not be approximated by self-adjoint elements in
C(Y,M2) which can be diagonalized. Define ϕ : C(X) → C(Y,M2) by ϕ(f) = s(f)(b) for all
f ∈ C(X). Then ϕ can not be approximated by homomorphisms which can be diagonalized.
If n ≥ 3, let γ : [−1, 1] → [0, 1/2] be a homeomorphism. Put Ω1 = [0, 1/2] ∪ {1}. Let
{ei,j : 1 ≤ i, j ≤ n} be a system of matrix units. Define ϕ1 : C(Ω1)→ C(Y,Mn) by
ϕ1(f) = f(b)(e11 + e22) + f(1)(
n∑
i=3
eii) for all f ∈ C(Ω1). (e 7.165)
Suppose that ϕ1 that there exist continuous maps αj,k : X → Ω1 (j = 1, 2, ..., n ) and
mutually orthogonal rank one projections p1,k, p2,k, ..., pn,k, k = 1, 2, ..., such that
lim
k→∞
‖ϕ1(f)−
n∑
j=1
f(αj,k)pj,k‖ = 0 (e 7.166)
for all f ∈ C(Ω1). Denote ψk(f) =
∑n
j=1 f(αj,k)pj,k for all f ∈ C(Ω1).
Let f0 ∈ C(Ω1) such that f0(t) = 0 if t = 1 and f0(t) = 1 if t ∈ [0, 1/2]. Then f0 is a
projection. It follows that
lim
k→∞
‖ϕ1(f0)− ψk(f0)‖ = 0. (e 7.167)
Note that ϕ1(f0) = e11 + e22. From (e 7.167), when k is sufficiently large, there are unitaries
vk ∈ C(Y,Mn) such that
v∗kψk(f0)vk = e11 + e22 and lim
k→∞
‖1− vk‖ = 0. (e 7.168)
Since ψ(f0) is a projection which commutes with pj,k and pj,k is a rank one projection, it follows
that ψk(f0)pj,k = pj,k or ψk(f0)pj,k = 0. By (e 7.168), ψk(f0) has rank 2 for all sufficient large
k. To simplify notation, one may assume that
ψk(f0)pj,k = pj,k, j = 1, 2.
Let qj,k = v
∗
kψk(f0)vk, j = 1, 2, k = 1, 2, .... Note that qj,k has rank one, j = 1, 2. By (e 7.166),
(e 7.167) and (e 7.168),
lim
k→∞
‖ϕ1(ff0)−
2∑
j=1
f(αj,k)qj,k‖ = 0 (e 7.169)
for all f ∈ C(Ω1). This would imply that b could be approximated by diagonalizable self-adjoint
elements. A contradiction.
Therefore ϕ1 can not be approximated by homomorphisms which are diagonalizable. There
is a surjective homomorphism s1 : C(X) → C(Ω1). Define ϕ : C(X) → C(Y,Mn) by ϕ(f) =
ϕ1(s1(f)) for all f ∈ C(X). Then ϕ can not be approximated by homomorphisms which can be
diagonalized.
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